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Abstract
A classiﬁcation of endotrivial modules over p-groups was recently completed by the author and
Jacques Thévenaz relying on generators for the group of endotrivial modules created by Alperin,
Dade and others. In this paper we present a completely new construction of a set of generators using
methods of group cohomology, some of which were developed in the classiﬁcation. The new method
has the advantage that all endotrivial modules can be constructed by the homological technique. In
addition, the method applies to endotrivial modules over groups that are not p-groups.
© 2005 Elsevier B.V. All rights reserved.
MSC: 20C20
1. Introduction
The aim of this paper is to present a completely new approach to the construction
of endotrivial modules. Let G be a ﬁnite group and k a ﬁeld of characteristic p> 0. An
endotrivial kG-moduleMhas the property thatHomk(M,M)k⊕P , whereP is a projective
module. This is an isomorphism as kG-modules. Thus, a kG-module M is endotrivial if, in
the stable category of kG-modules modulo projective modules, the endomorphism ring of
M is a trivial module. There are at least two reasons for an interest in endotrivial modules.
First, we should notice that Homk(M,M)M∗ ⊗M , and hence the tensor product with an
endotrivial module always induces a self-equivalence of the stable category of kG-modules.
It is an element in the stable Picard group of all equivalences of the stable category of all
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kG-modules (e.g. see [7]). In addition, the endotrivial modules are the building blocks for
the endopermutation modules, which for many groups, including p-nilpotent groups [14]
and p-solvable groups [19] (see also [23]), are the sources of the irreducible modules.
A complete classiﬁcation of the endotrivial modules for a p-group is now ﬁnally com-
plete. The modules were deﬁned by Dade [14] who proved that for an abelian p-group all
endotrivial modules are syzygies of the trivial module. In [20], Puig proved that the group
T (G) of endotrivial kG-modules, which is abelian, is ﬁnitely generated. The torsion part
of that group was characterized recently by the author and J. Thévenaz [10]. Meanwhile,
the rank of the torsion free part of the group had been found by Alperin [1] and somewhat
later and independently by Bouc and Thévenaz [5]. Both found subgroups of ﬁnite index in
T (G), but neither was able to show that the subgroups were all of T (G). This problem was
ﬁnally solved in [9] where it was shown that the classes of the modules deﬁned by Alperin
actually generate the entire group of endotrivial modules. The last proof borrows heavily
from methods developed in [10]. The characterization plays an essential role in the recently
announced characterization by Bouc of the Dade group of endopermutation modules.
Chronologically, this paper sits somewhere between [10] and [9]. Although it followed
[1] and [5] by a few years, the method presented here was ﬁrst to give a certiﬁably full set of
generators for T (G) in the case that G is a p-group. The connections between the different
sets of generators is still somewhat mysterious. We know that modules constructed by the
techniques of this paper are isomorphic to certain relative syzygies, but the existence of
the isomorphisms is only established using the full classiﬁcation of endotrivial modules.
Some discussion of this problem is given in Section 8. The construction given here has
some advantages. For one thing we show that generators for the entire group of endotrivial
modules, including the torsion part, can be constructed by the same method. Indeed, all
endotrivial module can be found by carving up the known endotrivial modules, namely the
syzygies n(k) of the trivial module k. In addition, the method can be used to establish the
torsion free rank of T (G) even in the case that G is not a p-group. The proof again relies on
techniques developed in [10], and uses the theory of support varieties for modules in highly
nontrivial ways.
Following this introduction, we recall some preliminaries of support varieties in Section
2 and endotrivial modules in Section 3. The main methods are proved in Section 4, though
a couple of particularly messy technicalities are put off in the appendix (Section 9). The
construction of the generators is laid out in the next three sections. First the torsion gener-
ators, then the generators for T (G) when G is extraspecial or almost extraspecial and then
the general case of T (G) for G any p-group is proved in Section 7. The actual proof in
that section is relatively easy. It is primarily a matter of showing that T (G) is determined
by looking at the maximal extraspecial and almost extraspecial subgroups of G. Section 8
consists of some remarks on the development and some comments on remaining problems.
2. Support varieties and partial inﬂations
In this sectionwe recall the deﬁnitions andproperties of support varieties formodules.Our
hypothesis throughout the section is that G is a ﬁnite group and k is an algebraically closed
ﬁeld of characteristic p> 0. The assumption of algebraic closure is not really necessary,
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but it makes the geometry easier and has no ill effects on the results that we will discuss.We
refer the reader to the books by Benson [2], Evens [15] or the author and his collaborators
[11] for references on cohomology rings and support varieties.All kG-modules are assumed
to be ﬁnitely generated unless otherwise noted.
First we recall some notation. If M is a kG-module, then let P −→M be its projective
cover, and let (M) be the kernel of . Iterating we let n(M) = (n−1(M)) for n> 1.
Similarly, let −1(M) be the cokernel of the injective hull M −→ Q, and −n(M) =
−1(−n+1(M)). If we let 0(M) be the sum of the nonprojective components of M, then
we have that n(m(M))n+m(M) for any integers n and m. Moreover, because the
tensor as well as the dual of any projective module is projective, we have that m(M) ⊗
n(N)m+n(M ⊗ N) ⊕ (proj) and (n(M))∗−n(M∗). Here ⊗ means ⊗k , and by
⊕(proj) we mean the direct sum with some projective module.
The cohomology ring H∗(G, k) is a ﬁnitely generated, graded commutative k-algebra
and has a maximal ideal spectrum VG(k) which is a homogeneous afﬁne variety. One
of the most valuable tools in the theory of module varieties is Quillen’s Theorem, given
below. See [21] or any of the standard references. If H is a subgroup of G, let resG,H :
H∗(G, k) −→ H∗(H, k) denote the restriction map, and let res∗G,H : VH (k) −→ VG(k) be
the corresponding map on maximal ideal spectra.





where EA is the collection of all elementary abelian p-subgroups of G.
It is important to notice that the union could just as well have been taken over themaximal
elementary abelian subgroups of G.
IfM is a ﬁnitely generated kG-module, then its cohomology ringExt∗kG(M,M) is a ﬁnitely
generated module over H∗(G, k), and we let J (M) denote its annihilator in H∗(G, k). The
support variety of M is the set VG(M) = VG(J (M)) ⊆ VG(k) of all maximal ideal the
contain J (M). Hence, VG(M) is a closed homogeneous subvariety of VG(k). The support
varieties have some important properties. The properties were developed by many people
includingAlperin,Avrunin, Evens and Scott. Proofs and history can be found in the standard
references [2,15,11].
Theorem 2.2. Suppose that L, M and N are kG-modules.
(1) The module M is projective if and only if VG(M) = {0}.
(2) VG(M ⊕ N) = VG(M) ∪ VG(N).
(3) VG(M ⊗ N) = VG(M) ∩ VG(N).
(4) If the sequence 0 −→ L −→ M −→ N −→ 0 is exact, thenVG(M) ⊆ VG(L)∪VG(N).
(5) VG(M) =⋃E∈EA res∗G,E(VE(M)).
(6) Suppose that VG(M)=V1∪V2 where V1 and V2 are closed sets such that V1∩V2={0}.
Then MM1 ⊕ M2 where VG(M1) = V1 and VG(M2) = V2.
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(7) Suppose that  ∈ Hn(G, k), and let ˆ : n(k) −→ k be a cocycle representing . Let
Ldenote the kernel of ˆ. Then VG(L) = VG().
For the remainder of the section assume that the group G has a normal subgroup
Z = 〈z〉 of order p. Let G = G/Z. For M a kG-module, let M = M/M0 where M0=
{m ∈ M|(z − 1)p−1m = 0}. Note that M0 is a kG-submodule of M. With this notation,
we have the following theorem.




whereIn is the kernel of the partial inﬂation infn : H∗(G, k) −→ E∗,02pn+1 of the cohomol-




2 = Hr (G,Hs(Z, k)) ⇒ Hr+s(G, k).
Notice that at the E2 page of the spectral sequence, the bottom row is the ring
E
∗,0
2 = H∗(G,H0(Z, k)) = H∗(G, k).
The image of the d2 differential is the ideal I0 and E∗,03 H∗(G, k)/I0. Likewise, the
bottom row of the E2pn+1 page of the spectral sequence is the ring H∗(G, k)/In. To
illustrate how this works, we present one example which is useful to us when we consider
the semi-dihedral 2-groups in a later section.
Example 2.4. Suppose that G is a semi-dihedral group of order 2n for n4. Then G =
〈g, h|g2n−1 = 1 = h2, hgh = g2n−2−1〉. The element z is g2n−2 and G = G/Z is a dihe-
dral group of order 2n−1. The cohomology ring of G is well known and has the form
H∗(G, k)k[z, y, x]/(zy) where the degrees of z, y and x are 1, 1 and 2, respectively.
Because G acts trivially on Z, we have that E∗,∗2 H∗(G, k) ⊗ H∗(Z, k) as a ring. The
cohomology of Z is a polynomial ring H∗(Z, k)k[u]. Hence, E0,12 is spanned by u (or
1 ⊗ u), while E2,02 is spanned by z2, y2, x.
The cohomology ring H∗(G, k) was computed by Evens and Priddy [16], and we could
use their analysis to ﬁgure out what happens. However, the fact that we need also follows
from some general principles. To be precise, the element x in the cohomology ring of G is
the generator that restricts nontrivially to the center of G. Now the center of G is cyclic of
order 2 and in G it is extended to a cyclic group of order 4. So the point is that this element
can not survive to the E3 page. Actually some minor changes of variables are possible here
(e.g. replacing x by z2 + x), but it all comes to the same thing. The image d2(u) must be an
element that restricts nontrivially to the center of G, and we can assume that d2(u) = x.
We conclude from the Theorem 2.3 that the variety
VG(
2(kG)) = VG((x))
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is the maximal ideal spectrum of the ring H∗(G, k)/(x)k[z, y]/(zy). Notice that this
variety is the union of two lines through the origin. Hence 2(k) is the direct sum of two
submodules corresponding to the two lines, by Theorem 2.2(6).
We should be a little careful in the above analysis. The usual thing is that the element x
in the cohomology of G is chosen so that Sq1(x) = (z + y)x, where Sq1 is the Steenrod
operator of degree 1. This choice really speciﬁes the restriction of x to the elementary abelian
subgroups ofG.With this choice, we should have that d2(u)=z2+x. Then d3(v)=(z+y)x
where v is the class of u2 on the E3 page. This is because Sq1(u)=u2, and hence its image
under d3 is Sq1 of the image of u under d2. With this notation we get the cohomology ring
H∗(G, k) in the form
H∗(G, k)k[zˆ, yˆ, xˆ, wˆ]/(zˆ3, zˆyˆ, zˆxˆ, xˆ2 − yˆ2wˆ),
where the elements zˆ, yˆ, xˆ, wˆ correspond to the classes of z, y, u2y and u4 in the spectral
sequence. This is precisely the formulation of [16]. With this notation, we have also that
z3 = 0 and hence E∗,04 = k[z, y]/(z3, zy). So 4(k) has an irreducible variety.
3. Preliminaries on endotrivial modules
In this section we remind the reader of some basic facts about endotrivial modules.
Throughout, we assume that G is a ﬁnite group and that k is a ﬁeld of characteristic p> 0.
All kG-modules are assumed to be ﬁnitely generated. First the deﬁnition: A kG-module M
is endotrivial provided Homk(M,M)k ⊕ P where P is a projective kG-module and the
isomorphism is an isomorphism of kG-modules. Recall that Homk(M,N)M∗⊗kN , as
kG-modules, where M∗ is the k-dual of M. Consequently, M is an endotrivial module if
and only if M∗ ⊗ Mk ⊕ (proj), where ⊕(proj) means direct sum with some projective
module and ⊗ means ⊗k .
Themain example is that for every n,n(k) is an endotrivial modules. In fact, the calculus
is that
m(k) ⊗ n(k)m+n(k) ⊕ (proj) and (n(k))∗−n(k).
Therefore,n(k)⊗−n(k)k⊕ (proj). Note also that if M is endotrivial, then so isM⊕P
for any projective module P. Two facts that we need are the following. The ﬁrst is an easy
consequence of Chouinard’s Theorem (see [11, Theorem 8.2.12]) that amodule is projective
if and only if its restriction to every elementary abelian p-subgroup is projective. A proof
of the proposition can be found in [8], among other places.
Proposition 3.1. A kG-module is endotrivial if and only if its restriction to every elementary
abelian p-subgroup is endotrivial.
The second is a deep theorem of Dade [14].
Theorem 3.2. Suppose that G is an abelian p-group and that M is an endotrivial module.
Then Mn(k) ⊕ (proj) for some integer n.
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We can form the group T (G) of endotrivial kG-modules as follows. An element of the
group is a class of an endotrivial module M. Two endotrivial modules M and N are in the
same class provided there exist projective modules P and Q such thatM ⊕PN ⊕Q. The
operation in the group is given by the rule [M] + [N ] = [M ⊗N ]. By Dade’s Theorem, we
have that T (G)= {0} if GC2, a cyclic group of order 2, while T (G)= Z/(2) if GCpn
for either p> 2 or n> 1. For any abelian p-group of rank at least 2, we have that T (G)Z.
For nonabelian p-groups we have the following.
Theorem 3.3 (Carlson and Thévenaz [10]). Suppose that G is a nonabelian p-group and
that G is neither a quaternion 2-group nor a semi-dihedral 2-group. Then the group T (G) is
torsion free. Moreover, if EA is the collection of maximal elementary abelian p-subgroups









Thus, we see that the isomorphism class of an indecomposable endotrivial module can be
detected from its restrictions to the maximal elementary abelian subgroups. We should be
clear that if G is a quaternion or semi-dihedral 2-group, then T (G) is known by reasonably
elementary means. See [8] for details. We show later that the generators for the torsion part
of T (G) for these groups can be also constructed as modules using the technique of the
next section.
In his calculation of the torsion free rank of T (G), Alperin [1] noted the basics of the
proposition that follows. Notice that the second statement of the proposition requires also
the fact that T (G) is torsion free by the previous theorem.
Proposition 3.4. Suppose that M is an endotrivial module and that E1 and E2 are two
elementary abelian p-subgroups of G, both having rank at least 3. If MEini (k)⊕ (proj)
for i = 1, 2, then n1 = n2. In particular, if G is not a quaternion or semi-dihedral 2-group,





⎠ : T (G) −→ ∏
E∈EA2
T (E),
where EA2 is the set of all elementary abelian p-subgroups of rank 2, is injective.
From these results we can deduce that if G is not cyclic, quaternion or semi-dihedral and
if G has no maximal elementary abelian subgroup of rank 2 or has only one conjugacy class
of maximal elementary abelian p-subgroups then T (G)Z. Hence, the cases of interest
are those in which G has at least two conjugacy classes of maximal elementary abelian
subgroups and has at least one class of maximal elementary abelian subgroups of rank 2.
In [9, Lemma 2.2], the following is demonstrated. It is proved in slightly different form in
[1,17].
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Proposition 3.5. Suppose that G is a p-group that is not cyclic, quaternion, dihedral or
semi-dihedral. Assume also thatG has at least two conjugacy classes ofmaximal elementary
abelian subgroups and that at least one of these classes has an element of rank 2. Then
there exists a collection E1, E2, . . . , En such that the following hold:
(1) Every Ei is elementary abelian of rank 2.
(2) En is normal in G.
(3) E1, . . . , En−1 are maximal elementary abelian subgroups of G.
(4) If E is a maximal elementary abelian subgroup of rank 2 in G, then E is conjugate to
Ei for exactly one i.
(5) If the p-rank of G is three or larger then En is not a maximal elementary abelian
p-subgroup.
Note that if the rank ofG is 2, thenE1, . . . , En are simply representatives of the conjugacy
classes of maximal elementary abelian subgroups. On the other hand, if the rank of G is
larger than 2, then E1, . . . , En−1 are representatives of the classes of maximal elementary
abelian subgroups of rank 2, and En is not maximal. The normality of En is very useful to
us in the later sections. The main consequence of all of this is the following.










Alperin [1] shows further that the image of the map in the corollary has ﬁnite index, and
hence T (G), and hence that the rank of T (G) is n. This statement is also a consequence of
the construction in this paper.
If M is an endotrivial kG-module, then we say that M has type
Type(M) = a = (a1, a2, . . . , an) ∈ Zn
provided for each i,MEiai (kEi )⊕(proj). Then the map in Corollary 3.6 can be regarded
as taking M to Type(M). The results of this section can be interpreted as implying the
following.
Corollary 3.7. Assume the hypothesis and notation of Proposition 3.5. If M and N are
indecomposable endotrivial kG-modules having the same type, then MN .
4. New endotrivial module from old
In this sectionwe develop the basic technique thatwe use in the construction of endotrivial
modules. The primary method (Theorem 4.2) is not really new. It was ﬁrst proved in the
paper [10] by the author and Jacques Thévenaz. The basic idea was used again in [9],
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though some modiﬁcations were necessary. Again, we need some minor modiﬁcations for
this paper. For the sake of completeness, we present a thorough proof. We also prove the
result without the assumption that the group G is a p-group or that the normal subgroup of
order p is central. The generalization has applications in other works [6].
Our basic assumption throughout the section is that G is a ﬁnite group and that 〈z〉 is a
normal subgroup of order p in G. Hence z is an element of order p. We follow the notation
at the end of Section 2. If M is a kG-module then let M =M/M0 where M0 ={m ∈ M|(z−
1)p−1m=0}. ThenM(z−1)p−1M where the isomorphism is induced bymultiplication by
(z−1)p−1. LetG=G/〈z〉.We have an inﬂation map infG
G
: H∗(G, k) −→ H∗(G, k)which
induces amap on varieties (infG
G
)∗ : VG(k) −→ VG(k). For themain theoremwe require the
following generalization of Lemma 5.5 of [10]. Assume also that k is algebraically closed.
Lemma 4.1. Suppose that N is a kG-module with the property that (z − 1)p−1N = {0}.
Hence, N is a module over the algebra R = k〈z〉/((z − 1)p−1). Assume that N is a free
R-module. Suppose that VG((z− 1)p−2N)= V1 ∪ V2 where V1 ∩ V2 = {0}. There exist L1
and L2 such that (z − 1)p−2N = L1 ⊕ L2 where VG(L1) = V1 and VG(L2) = V2. Then
there must exist submodules N1 and N2 such that N = N1 ⊕ N2 and for i = 1, 2, we have
that Li = (z − 1)p−2Ni .
Proof. Note ﬁrst that for any i, (z − 1)iN = (Rad kZ)iN is a kG-submodule of N, since
〈z〉 = Z is a normal subgroup of G. In fact, for any i, the module
(z − 1)iN/(z − 1)i+1N(z − 1)p−2N ⊗ Ti
for some kG-module Ti of dimension one. In particular, VG((z − 1)iN/(z − 1)i+1N) =
VG((z − 1)p−2N).
The statement concerning the existence ofL1 andL2 is a direct consequence of Theorem
2.2. In the same way, we must have that (z − 1)p−3N/(z − 1)p−2NL′1 ⊕ L′2 where
VG(L
′
i ) = Vi . So there is another exact sequence
0 −→ W −→ (z − 1)p−3N −→ L′2 −→ 0,
where W contains (z − 1)p−2N and W/(z − 1)p−2NL′1. So we have a sequence
0 −→ L2 −→ W/L1 −→ L′1 −→ 0,
where L2 is the quotient (z − 1)p−2N/L1. Because VG(L2) ∩ VG(L1) = {0} the last
sequence splits. Hence, there is a submodule U of W such that L1 ⊆ U , U/L1L′1 and
also U ∩ L2 = {0}. Therefore WU ⊕ L2.
Next we reverse the roles of L1 and L2 to ﬁnd a submodule V of N such that we have an
exact sequence
0 −→ L2 −→ V −→ L′2 −→ 0
and U ∩V ={0}. Thus (z− 1)p−3N =U ⊕V . The next step of the proof is simply a repeat
of arguments of this type, next showing a decomposition of (z−1)p−4N . Then repeat again
as needed. 
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Now we are ready for the main construction. Again let Z = 〈z〉.
Theorem 4.2. Suppose that M is an endotrivial kG-module such that MZkZ ⊕ (proj).
Assume that VG(M) = V1 ∪ V2 where V1 and V2 are closed subsets of VG(k) such that
V1 ∩ V2 = {0}. We have that MN1 ⊕ N2 where VG(Ni) = Vi , for i = 1, 2. Then there
exists an endotrivial kG-module U such that UN2, and satisfying the following property.
Let H be any p-subgroup that contains Z.
(1) If (infG
G
)∗res∗G,H (VH (k)) ∩ V2 = {0}, then UHkH ⊕ (proj).
(2) If (infG
G
)∗res∗G,H (VH (k)) ∩ V1 = {0}, then MHUH ⊕ (proj).
Proof. It is important for the proof that H be a p-subgroup.We use the fact that a module M
over kH, for H a p-group, is projective if and only if the dimension of the setM/(RadkH)M
is precisely (1/|H |)Dim (M). We begin by constructing the module U, and then we show
that it has the desired properties.
Because of the assumption that M〈z〉k ⊕ (proj), we have that
MM/M0((z − 1)iM/(z − 1)i+1M) ⊗ Ti
for some kG-module Ti of dimension one, for M0 = {m ∈ M|(z − 1)p−1m = 0} and for
all i = 1, . . . , p − 1. Because of the condition on the varieties, we have that M =N1 ⊕N2
where VG(N1) = V1 and VG(N2) = V2. Then by Lemma 4.1, (z − 1)ML1 ⊕ L2 where
L1 and L2 are free as modules over the ring k〈z〉/(z − 1)p−1 and (z − 1)p−2L1 = N1,
(z − 1)p−2L2 = N2.
Let N ′1 and N ′2 be submodules of M/M0 such that the isomorphism M/M0 −→
(z−1)p−1M induced bymultiplication by (z−1)p−1 takesN ′1 toN1 andN ′2 toN2 precisely.
Then clearly, M/M0 = N ′1 ⊕ N ′2. For the purposes of the proof, we want to be even more
exact. Choose elements a1, . . . , ar which are kG-generators for L1 and choose elements
b1, . . . , bs that generate L2. Then let N ′1 be generated by classes a′1 + M0, . . . , a′r + M0
such that (z− 1)a′i = ai for i = 1, . . . r . Similarly, we let N ′2 be generated by the classes of
elements b′i where (z − 1)b′i = bi for i = 1, . . . , s. In particular, if W is the submodule of
M generated by b1, . . . bs , then (z − 1)W = L2.
Now let V be the pullback of the module N ′2 under the quotient map  in the sequence
0 −→ M0 −→ M −→N ′1 ⊕ N ′2 −→ 0.
Thus, if b1, . . . , bs ∈ M is the collection of elements whose classes modulo M0 generate
N ′2 as above, then V is generated by the elements b1, . . . , bs , the submodule L1 and by any
element u ∈ M0 that generates the direct summand of M〈z〉 that is isomorphic to the trivial
module k. Now let U = V/L1 be the quotient. It remains to show that U has the desired
properties. Note that from the construction, U = N ′2 as desired, and the dimension of U is
pDimN2 + 1
Let H be a p-subgroup of G, and suppose we have the ﬁrst of the two cases, namely that
(infG
G
)∗res∗G,H (VH (k)) ∩ V2 = {0}. Then (N2)↓H is a free kH -module. Now suppose that
c1, . . . , ct is a collection of elements in the submodule W generated by b1, . . . , bs such that
c1 +M0, . . . , ct +M0 form a free kH -basis for N ′2. In particular, DimN ′2 = t |H |. We can
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see that the submodule (N2 + L1)/L1N2 is generated as a kH -module by the classes of
the elements (z − 1)p−1c1, . . . (z − 1)p−1ct . Hence the kH-submodule of U generated by
c1 +L1, . . . , ct +L1 has dimension t |H | =pDimN2. By dimension arguments, this must
be a free submodule, and it must be that UHk ⊕ (proj).
Now suppose the second case that (infG
G
)∗res∗G,H (VH (k)) ⊆ V2. Then (N1)↓H is a free
kH -module. Let X be the kG-submodule of M generated by a1, . . . , ar . Then (z−1)X=L1
and (X + M0)/M0 = N ′1. Choose elements d1, . . . , dn ∈ X so that the classes di + M0
form a free kH -basis for N ′1. Then by a dimension argument, the kH-submodule X′ of MH
generated by d1, . . . , dn is a free kH-module and also
(z − 1)X′ = X′ ∩ VH = X′ ∩ (M0)H = {x ∈ X′|(z − 1)p−1x = 0} = (L1)H
as kH-modules. Here V is the submodule generated by M0 and b1, . . . , bs as above. We
have then that
UHVH/(L1)HVH/(X
′ ∩ VH )(X′ + VH )/X′MH/X′.
But X′, being projective, is a direct summand of MH . It follows that MHUH ⊕ X′.
Notice ﬁnally that U is an endotrivial module because its restriction to every elementary
abelian p-subgroup is an endotrivial module (see 3.1). That is, suppose that E is an elemen-
tary abelian p-subgroup of G. Without loss of generality we can also assume that Z ⊆ E.
In the event that MEk ⊕ (proj), then it must be the case that (infG
G
)∗res∗G,E(VE(k)) ∩
Vi = {0} for both i = 1 and i = 2. So then UEk ⊕ (proj). Otherwise, MEr (kE) ⊕
(proj) for some r = 0 and we have that VE(M) = VE(kE). Therefore, we have also that
(infG
G
)∗res∗G,E(VE(k)) ⊆ VG(M). However, because (infGG)∗res∗G,E(VE(k)) is connected(in the sense that it cannot be written as the union of two closed sets which intersect in {0}),
we must have that (infG
G
)∗res∗G,E(VE(k)) ⊆ Vi , either for i=1 or for i=2. Hence, by what
we have already proved, UE is endotrivial. 
Our main applications of the construction use the formulation given in the next corollary.
Corollary 4.3. Assume the hypothesis and notation of Theorem 4.2. Suppose that E is an
elementary abelian p-subgroup of G. Then one of the following holds.
(1) MEkE ⊕ (proj) in which case UEk ⊕ (proj),
(2) (infG
G
)∗res∗G,E(VE(k)) ⊆ V1, in which case UEkE ⊕ (proj), or
(3) (infG
G
)∗res∗G,E(VE(k)) ⊆ V2, in which case MEUE ⊕ (proj).
Proof. It should be clear that the cases need only be checked onmaximal elementary abelian
subgroups of G. Hence we can assume that for any such E, 〈z〉 ⊆ E. Let E = E/〈z〉. In
the ﬁrst case, notice that ME is projective and so (N1)E and (N2)E are projective modules.
In general, we have that (infG
G
)∗res∗G,E(VE(k))= res∗G,E(infEE)∗(VE(k)). Therefore, in the
event that MEn(kE) ⊕ (proj) for n = 0, we must have that VE(ME) = VE(k).So then
(infG
G
)∗res∗G,E(VE(k)) ⊆ Vi for some i. The reason is that otherwise res∗G,EVE(k) would
be the union of two closed sets that intersect only in {0}, which is impossible. Now note
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that if (infG
G
)∗res∗G,E(VE(k)) ⊆ V1, then (infGG)∗res∗G,E(VE(k))∩V2 ={0}, and vice versa.
Now we apply Theorem 4.2. 
The construction given in the Theorem 4.2 is something of a disassembly method. There
is also an assembly process by which we can create new endotrivial modules. The method
is tensor product which is not new. However, the point is that sometimes we can make very
speciﬁc statements about the tensor product of two endotrivial module. A complete proof
of the following proposition can be found in [8] and we do not repeat it here.
Proposition 4.4. Suppose that G is a p-group with a central normal subgroup Z of order p.
Suppose that M and N are indecomposable endotrivial modules such that MZk ⊕ (proj)
andNZk⊕ (proj). Assume further that VG(M)∩VG(N)={0}. ThenM⊗NL⊕ (proj)
where L is an indecomposable endotrivial module such that LM ⊕ N .
We end this section with a variation on the construction given above. The variation looks
rather different, and it is much easier to describe and explain. But unfortunately, it is not
as general and is only a weaker form of the above construction. In particular, we will show
in the last section that the there are group for which the variational construction will not
yield a complete set of generators for the group of endotrivial modules. It will also not
construct that torsion endotrivial modules for quaternion and semi-dihedral 2-groups in the
next section. On the other hand, in the section concerned with the endotrivial modules for
extraspecial groups we can get a complete set of generators using the variational method.
The other advantage of the method is that it requires no hypothesis on the group. First we
give the construction.
Let G be any ﬁnite group, and let  ∈ Hm(G, k) be an element of cohomology. Let
VG() ⊆ VG(k) denote the set of all maximal ideals that contain . Suppose that VG() =
V1 ∪ V2 where V1 and V2 are closed subvarieties such that V1 ∩ V2 = {0}. Then we have
that LL1 ⊕L2 where VG(Li)= Vi for i = 1, 2 (see Theorem 2.2(6)). Hence we have a
diagram
where N is the pushout.
Theorem 4.5. The module N in the above diagram is an endotrivial module. Moreover, its
type can be determined by the following algorithm. Suppose that E is a maximal elementary
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abelian subgroup of G. Then VE(L) = W1 ∪ W2 where res∗G,E(Wi) ⊆ Vi . (Thus, W1 ∩
W2 = {0}.) So, resG,E() = 12 where VE(i ) = Wi . Then we have that
NEd(k) ⊕ (proj),
where d = deg(1).
Proof. Because m(k)Em(kE) ⊕ (proj), we have an exact sequence
0−−−−−−→(L)E−−−−−−→m(kE) ⊕ (proj) ˆ−−−−−−→ k−−−−−−→0,
where ˆ is a cocycle representing  = resG,E(). Moreover, (L)EL ⊕ (proj). Now,
VE()= VE(L)=W1 ∪W2, for W1 and W2 as in the theorem. So it must be the case that
= 12 as asserted.
Actually we should give a little more explanation here. Notice ﬁrst that if the rank r
of E is three or more, then VE(k)kr and there is no way that VE() = W1 ∪ W2 with
W1 ∩ W2 = {0} unless either W1 = {0} or W2 = {0}. If W1 = {0} then (L1)E is projective
and we can let 1 = Idk and 2 = . If W2 ={0} then let 1 = . So it comes down to the case
that the rank of E is 2. If p = 2 then H∗(E, k) is a polynomial ring in two variables over
an algebraically closed ﬁeld and we must have that  is a product of linear homogeneous
polynomialswith the factors having varieties as asserted. In the case thatp> 2, the argument
is similar but more complicated because of the nilpotent elements in H∗(E, k). However it
still works because we are dealing only with homogeneous polynomials. See Proposition
9.2 for complete details.
Nowby theKrull–SchmidtTheorem,wehave that (L1)EL1⊕(proj) and (L2)EL2⊕
(proj). So consider the diagram
whered=deg(2).Nowweclaim thatNEd(kE)⊕(proj).This is basically the uniqueness
of the pushouts. But for a proof with complete details, see Theorem 9.4 in the appendix.
The fact that NE is endotrivial for any elementary abelian p-subgroup E implies that N
is an endotrivial module. 
In order to state our primary application of Theorem 4.5 we adopt the notation of Propo-
sition 3.5 and the corollaries that follow it. In particular we want to assume that G has
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maximal elementary abelian p-subgroups of rank 2 and more than one conjugacy class of
maximal elementary abelian p-subgroups. For notation, let vi ∈ Zn be the standard vector
of dimension n with 1 in the ith position and 0 elsewhere.
Corollary 4.6. Suppose that Z is a subgroup of order p that is in the center of a Sylow p-
subgroup ofG. Suppose that form> 0,H2m(G, k) has an element  such that resG,Z() = 0.
Then G has an endotrivial module of type 2mvi for every i.
Proof. ByQuillen’sTheorem2.1, we have thatVG(k)=⋃ni=1Wi whereWi=res∗G,EiVEi (k)
in all cases except when i = n and the p-rank of G is at least 3. In the last case Wn =⋃
res∗G,E(VE(k)) where the union is over all elementary abelian p-subgroups E having
rank at least 3. In any event, for i = j , the intersection Wi ∩ Wj = res∗G,Z(VZ(k)) is the
line corresponding to the center of the group.
Now VG(L) = VG() is a closed subvariety of VG(k) that is transverse to the line
res∗G,Z(VZ(k)), since the restriction of  to the cohomology ring of Z is not nilpotent. It
follows that VG(L)=
⋃n
i=1Vi where Vi =Wi ∩ VG(). Moreover, Vi ∩ Vj = {0} if i = j .
Hence, for any i we get a decomposition VG(L)= Vi ∪ V ′i where V ′i is the union of all Vj
for j = i. Also, V ′i intersects Vi trivially. We can construct the module N corresponding to
this decomposition as in Theorem 4.5. Then because Vi = resG,Ei (VEi (L)), we have that
NEi
2m(k)⊕(proj). On the other hand, for j = i, we have thatVi∩res∗G,Ej (VEj (k))={0}.
So NEjk ⊕ (proj), and the type of N is as asserted. 
5. Endotrivial module for quaternion and semi-dihedral groups
In this section we show that the construction of the Theorem 4.2 is sufﬁcient to produce
generators of T (G) in the cases that G is a quaternion or semi-dihedral 2-group. The issue
here is the torsion elements in T (G), and for that reason, we separate these two cases from
the more general discussion of the torsion free generators in the next two sections. In fact,
the construction of the generators in the case of the quaternion group of order 8 has been
known for several years. It was an important insight leading to the proof of themain theorem
in [10]. One thing of interest is that this special case does not require Theorem 2.3. The
construction for the semi-dihedral groups and for the larger quaternion groups were realized
only recently and both use 2.3.
Consider the quaternion groupG=〈g, h| g2n−1 =1, h2 =g2n−2 , hgh−1 =g−1〉 for n3.
Let the ﬁeld k have characteristic 2.We wish to look at the module2(k). More speciﬁcally,
we are interested in the support variety VG(
2(k)), where the notation is the same as that
at the beginning of the last section. Of course, z = g2n−2 is the generator for the center of
G. We know T (G)Z/4Z ⊕ Z/2Z where the ﬁrst factor is generated by (k).
The quaternion group of order 8. First we consider the case that n = 3 and the order of
G is 8. Then G is a fours group, an elementary abelian group of order 4. So we know that
for any subgroup of order 4 such as C = 〈g〉 in G, 2(k)↓Ck ⊕ (kC)2, since 2(kC)k.
In particular, (2(k))C is a free kC-module. The implication is that VG(
2(k)) is not all of
VG(k) = k2. Hence it must have dimension one and must be a union of lines.
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The cohomology ring of H∗(G, k) is well known and it is easy enough to compute that
the dimension of2(k) is 9. This means that the dimension of2(k) is 4. Now if the support
variety VG(
2(k)) is a union of r lines, then by Theorem 2.2, 2(k) is a direct sum of r
modules each having dimension at least 2. Consequently, it must be that the support variety
is a union of at most two lines.
Nextwe notice that the threeF2-rational lines inVG(k) correspond to the actual subgroups
of order 2 of G which act freely on 2(k). So they are not in the support variety. On the
other hand 2(k) is certainly deﬁned over F2, and so its variety is F2-rational. That is, it
is the zero set in k2 of a polynomial with coefﬁcients in F2. Hence, the only choice is that
VG(
2(k)) consists of the two lines through the points (1, ) and (1, 2) where  is a cube
root of unity in F4. Then using the Construction Theorem 4.2, we obtain two endotrivial
KG-modules of dimension 5. It can be shown by methods in [10] (see Theorem 4.4) that
the tensor product of the two modules is again 2(k). So T (G) is generated by (k) and
one of these modules (and either one will do).
We should note that the modules constructed above, were discovered by Dade [13] using
direct computations some thirty years ago. These are the only endotrivial modules for any
p-group that can not be deﬁned over the prime ﬁeld Fp.
Generalized quaternion groups. Assume that n> 3 and G is a quaternion group of order
2n. This time the quotient group GG/Z is a dihedral, where Z = 〈z〉. So in the spectral
sequence of the group extension,
E
r,s
2 = Hr (G,Hs(Z, k))Hr (G, k) ⊗ Hs(Z, k) ⇒ Hr+s(G, k),
we have that E∗,02 k[z, y, x]/(zy) exactly as in Example 2.4. Similarly we have a polyno-
mial ring E0,∗2 = H∗(Z, k)k[u]. As in the example the elements z, y and u are in degree
1, while x is in degree 2. The cohomology ring of the quaternion group is very well known
[12] and has the form H∗(G, k)k[z, y, x]/(z2 + zy + y2, z2y + zy2). By an analysis that
is very similar to that of Example 2.4, we conclude that d2(u) = x + z2 + y2. Also, we
can conclude that d3(w) = z′x′ + y′x′ where w, z′, y′ and x′ are the classes of u2, z, y
and x on the E3 page of the spectral sequence. Note that the class of u is zero on the E3
page and hence w is not a square. Likewise, the element of x in H4(G, k) is represented by
u4 on the E4 page of the spectral sequence. But this is not our concern. The point is that
VG(
2(k)) is the spectrum of the ring H∗(G, k)/(x+ z2 + y2). Consequently the spectrum
is disconnected and consists of two lines V1 and V2 corresponding to the two prime ideals
(z, x + z2 + y2) and (y, x + z2 + y2).
Now notice that the two ideals correspond to two different elementary abelian subgroups
of G, in the sense that each contains the kernel of the restriction to exactly one of these
subgroups. If we denote the subgroupsE1 andE2, then we have that V1 ∈ res∗
G,E1
(VE1(k))
and V1 ∩ res∗
G,E2
(VE2(k))={0} while the situation is reversed for V2. Now, E1 and E2 (the
inverse images of E1 and E2 under the map G −→ G) are quaternion groups. By Theorem
4.2, we have an endotrivial modules M1 with the properties that (M1)E1k ⊕ (proj), and
(M1)E2
2(k) ⊕ (proj). So the classes of (k) and M1 generate T (G).
Semi-dihedral groups. The construction and proof here are very similar to that for the
generalized quaternion group. We use the notation of Example 2.4. Suppose that E1 and
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E2 are the two noncyclic maximal subgroups of the dihedral group G. From the example
we know that VG(
2(k)) = V1 ∪ V2 where V1 ∩ V2 = {0}. Moreover we can assume, by
choosing the numbering, that




So if E1 and E2 are the inverse images of E1 and E2 under the quotient map G −→
G, then by the Theorem 4.2, there exists an endotrivial module U with the property that
UE1k⊕(proj)whileUE22(k)⊕(proj). However, we may assume thatE1 is a dihedral
group and that E2 is a quaternion group. Because, E1 contains all elements of order 2 in G,
we know that U is a torsion element of T (G). Also we have that
(U ⊗ U)E24(k) ⊕ (proj)k ⊕ (proj).
Hence Uk ⊕ (proj) (see [8]). It follows that the classes of (k) and U generated T (G).
6. The endotrivial modules for extraspecial groups
In this section we describe the group T (G) for G an extraspecial or almost extraspecial
p-group that is not a quaternion group. For a quick deﬁnition, a p-group G is extraspecial
or almost extraspecial if it has a unique normal subgroup Z of order p and if the quotient
by that subgroup G/Z is elementary abelian. Such groups are described in [8] and in many
other references. In only a few cases do we need to know many details. Most of our cases
are covered in the following.
Proposition 6.1. Suppose that G is an extraspecial or almost extraspecial group of order
pn. Assume that n5 if p is odd and that n6 if p = 2. Then T (G)Z and is generated
by the class of the module (k).
Proof. The main points are that the torsion part of T (G) is trivial by Theorem 3.3, and all of
the maximal elementary abelian subgroups of G have rank at least 3. Hence by Proposition
3.4 the rank of the torsion free part of T (G) is one. 
Note that groups of order p2 are abelian and we know T (G) by Dade’s Theorem 3.2. So
we have only to treat the cases that G has order p3 and p4 for p odd and order 8, 16, or 32
for p=2. The cases are considered individually. For the purposes of the argument, we adopt
the notation of Proposition 3.5. In every one of the cases, the group G has rank two and
so the subgroups E1, E2, . . . , En form a complete set of representatives of the conjugacy
classes of maximal elementary abelian subgroups of G.
Most of the proofs in this section follow very similar patterns. For that reason, we prove
the ﬁrst case, below, in some detail and present only sketches for the remaining cases.
Extraspecial groups of order p3 for p odd. The extraspecial groups of order p3 come in
two isomorphism types. The ﬁrst type has the form
G〈g, h|gp2 = 1 = hp, hgh−1 = gp+1〉
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and has exponentp2. It has a uniquemaximal elementary abelian subgroup (〈gp, h〉). Hence
T (G)Z by Corollary 3.6.
Proposition 6.2. Let G be an extraspecial group of order p3 and exponent p2 for p odd.
Then T (G)Z.
The other extraspecial group is isomorphic to the Sylow p-subgroup of SL(3, p). It has
exponent p and is presented as
G〈g, h, z|gp = hp = zp = 1, z = ghg−1h−1, gz = zg, zh = hz〉.
It has exactly p + 1 maximal elementary abelian subgroups, Ei = 〈z, gih〉, i = 1, . . ., p
and Ep+1 = 〈z, g〉, all of which are normal. Consequently, T (G) has rank at most p + 1.
On the other hand, the cohomology ring H∗(G, k) was computed several years ago by
Ian Leary [18] (see [4] for a report). The main result that we want to know is there exist an
elements  ∈ H2p(G, k) such that resG,Z() = 0 where Z=〈z〉 is the center of G. It is easy
to construct  as the norm of an element of degree 2 in any of the Ei’s, or alternatively, it is
easy to see that  exists from the spectral sequence of the extension of G/Z by Z. Hence,
by Corollary 4.6 there is an endotrivial module Ni of type 2pvi for any i = 1, . . . , p + 1.
Proposition 6.3. Let G be an extraspecial groupEp3 of order p3 and exponent p for p odd.
Then T (G) is a free group of rank of rank p + 1 and is generated by the classes of (k)
and N1, . . . , Np. The image of the injective map Type : T (G) −→ Zp+1 is the set of all
tuples (a1, . . . , ap+1) such that ai − aj ∈ 2pZ for all i and j.
Proof. Clearly, the elements (k) and N1, . . . , Np generate a subgroup S of T (G) of the
correct rank. It remains only to show that there are no other elements outside of this group.
For the purposes of the proof we consider S to be a subgroup of Zp+1 by identifying each
element with its type.
If  : G −→ G is an automorphism of G, then  permutes the elementary abelian
subgroups of G. Hence, (Ei) = E(i) where  is some element in the symmetric group
Sp+1.Now  has an action onT (G). That is, ifM is an endotrivialmodule of type
∑p+1
i=1 aivi
then M is an endotrivial module of type
∑p+1
i=1 aiv(i). In particular, the class of Ni is the
class of N(i). It is easy to see that the subgroup W = 2p(Zp+1) is a subset of S and is
invariant under any automorphism .
Notice that if M is an endotrivial module of type (a1, . . . , ap+1) then ai − aj is always
an even integer. The reason is thatMZe(k)⊕ (proj)where ai ≡ emod2 for all i. Hence
we need only consider Tˆ =T (G)∩U whereU =(2Z)p+1. NowU/W(Z/pZ)p+1 has an
induced action of the automorphism group of G which is isomorphic to SL(2, p). As such
it is the direct sum of two submodules. One is the set of all multiples of (2, 2, . . . , 2)+W
and the other is the set of all vectors (2a1, . . . 2ap+1) + W such that ∑ ai is a multiple
of p. It is easy to check that both of these are irreducible modules for the automorphism
group. Speciﬁcally, the ﬁrst is the trivial module and the second is the Steinberg module.
Consequently, if Tˆ /W has an element that is not in the form (2a, 2a, . . . , 2a) + W then
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there exits an endotrivial module of type (2, 0, 0, . . . , 0). The rest of the proof is aimed at
showing that this cannot happen, and hence, that S = T (G).
So suppose that there exists an endotrivial module M =M1 of type (2, 0, . . . , 0)= 2v1.
Then applying the automorphism group we can get an endotrivial module Mi of type 2vi
for every i. Because MEik ⊕ (proj), we have that VEi (M)= {0} for all i = 1. Therefore,
VG(M) ⊂ VG(k)k2 is a closed subvariety of dimension one and hence is a union of a
ﬁnite number of lines that intersect in the origin of k2. One of those lines is res∗
G,E1
(VE1(k)).
If there were another line, then we could employ the methods of Theorem 4.2 to obtain an
endotrivial module N with exactly the same restrictions to theEi’s and hence the exactly the
same type. As this is not possible, we must have that VG(M) = res∗G,E1(VE1(k)).Likewise
we have that VG(Mi) = res∗G,Ei (VEi (k)). Therefore the tensor product N = M1 ⊗ · · · ⊗
Mp+1 is an endotrivial module of type (2, 2, . . . , 2), hence N2(k) ⊕ (proj). From
Theorem 4.4 we have that






Finally we consider the spectral sequence of the group extension,
E
r,s
2 = Hr (G/Z,Hs(Z, k)) ⇒ Hr+s(G, k).
From Theorem 2.3 we have that the variety of 2(k) is the variety of the partial inﬂation
onto the E3 page of the spectral sequence. That is, it is variety of the ring E∗,03 . The
spectral sequence is well understood (see [4]). Because G is elementary abelian of order
p2, its cohomology ring has the form H∗(G, k)k[1, 2] ⊗ (1, 2) where  is an
exterior algebra, 1, 2 are in degree 1, and 1, 2 are in degree 2. The kernel of the partial
inﬂation map H∗(G, k) −→ H∗(G, k) is generated only by the extension class 12, which
is nilpotent. Hence VG(
2(k))= k2. This contradicts our assumption of the existence of an
endotrivial module of type 2v1. So the proof is complete. 
The almost extra special group AEp4 of order p4, for p odd. There is only one isomor-
phism class of (almost) extraspecial groups of order p4, and it is almost extraspecial. It can
be presented as
G〈g, h,w|gp = hp = wp2 = 1, wp = ghg−1h−1, gw = wg,wh = hw〉.
It is the central product of a group of type Ep3 and a cyclic group of order p2. The center of
G is generated by w while the commutator subgroup is Z = 〈z〉, for z=wp. The important
thing to notice in this case is that the subgroup H = 〈g, h〉 is an extraspecial group of order
p3 and exponent p. Moreover, H contains all of the elements of order p in G. So again, there
are p + 1 maximal elementary abelian subgroup all having order p2.
We also know that there is an element  ∈ H2p(G, k) such that resG,Z() is not nilpotent.
So there exist endotrivial modulesN1, . . . , Np+1 such thatNi has type 2pvi . Moreover, the
restriction of Ni to H must be the module Ni of Proposition 6.3 plus a projective module.
So we have the following.
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Proposition 6.4. Let G be an almost extraspecial group AEp4 of order p4 for p odd, and
let H be the maximal subgroup generated by the elements of order p. The restriction map
T (G) −→ T (H) is an isomorphism and the classes of the endotrivial modules (k) and
N1, . . . , Np generate T (G).
Dihedral group D8 of order 8. This case is well known and is documented in [8] as well
as other places. We add only that there is an element  ∈ H2(G, k) whose restriction to the
center is not zero. Hence, we have the following.
Proposition 6.5. Let G be a dihedral group D8 of order 8. Then T (G)Z2 is generated
by (k) and by an endotrivial module of type (2, 0).
Almost extraspecial groupAE16 of order 16. Let G be the group given by the presentation
G = 〈g, h,w|g2 = h2 = (gh)2 = w4 = 1, gw = wg, hw = wh〉.
Let z = w2. Then G has three maximal elementary abelian subgroups 〈g, z〉, 〈h, z〉 and
〈ghw, z〉, and any pair of the elementary abelian subgroups generates a dihedral subgroup.
The cohomology ring of G is well known [22] (see also [4]). It has the form
H∗(G, k) = k[z, y, x,w]/(zy + x2, z2y + zy2),
where the elements z, y, x,w have degrees 1, 1, 1, 4, respectively. Moreover, the restriction
of w to the subgroups Z is not zero. Hence there exist endotrivial modules of type (4, 0, 0),
(0, 4, 0) and (0, 0, 4). Note that if (a1, a2, a3) is the type of an endotrivial module then
ai − aj must be even. Also, if there is an endotrivial module of type (2, 2, 0) then there is
one of type (0, 0, 2) = (2, 2, 2) − (2, 2, 0). However the partial inﬂation of H∗(G, k) onto
E
∗,0
3 is k[z, y, x]/(zy+x2). Hence the variety of2(k) is irreducible and by the arguments
of Proposition 6.3, there is no endotrivial module of type (2, 0, 0). Therefore we have the
following.
Proposition 6.6. Let G be an almost extraspecial group AE16 of order 16. Then T (G) is
generated by the classes of (k) and endotrivial modules of type (4, 0, 0) and (0, 4, 0).
Extraspecial groups of order 32.There are (up to isomorphism) two extraspecial groups of
order 32.Oneof them is a central product of twodihedral groups. For this group,GD8∗D8,
we have that T (G)Z because all of the maximal elementary abelian subgroups of G have
rank 3. Hence this case matches the conclusion of Proposition 6.1.
Proposition 6.7. Suppose that GD8 ∗ D8. Then T (G)Z is generated by the class
of (k).
Hence we need only investigate the group of endotrivial modules for the central produce
GD8 ∗Q8 of a dihedral group of order 8 and a quaternion group of order 8. The group is
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presented as
G = 〈e, f, g, h|e2 = f 2 = g4 = 1, h2 = (gh)2 = g2 = (ef )2,
eg = ge, eh = he, fg = gf , f h = hf 〉.
Hence 〈e, f 〉 is a dihedral group, 〈g, h〉 is a quaternion group, and the centers of the two
subgroups coincide. Let z=g2 be the generator of the center. The group G has ﬁve maximal
elementary abelian subgroups: 〈e, z〉, 〈f, z〉, 〈efg, z〉, 〈ef h, z〉, and 〈efgh, z〉, every one of
which is normal. The centralizer of each of these groups is an almost extraspecial group of
order 16, and all of the maximal elementary abelian subgroups are in the same orbit of the
action of the automorphism group of G.
The cohomology ring of G has the form
H∗(G, k) = k[z, y, x,w, v]/I,
where
I= (zy + x2 + xw + w2, z2y + zy2 + x2w + xw2, z4y + zy4 + x4w + xw4)
and where the degrees of z, y, x,w, v are 1, 1, 1, 1, 8, respectively. The element v in degree
8 has nonzero restriction to the center, and hence there must exist endotrivial modules of
type (8, 0, 0, 0, 0), (0, 8, 0, 0, 0), . . . . Because the centralizers are almost extraspecial, if
(a1, a2, a3, a4, a5) is the type of an endotrivial module then ai − aj is a multiple of 4. If
there exists an endotrivial of type (4, 4, 4, 4, 0) then there is one of type (4, 0, 0, 0, 0) and
if there is one of type (4, 4, 4, 0, 0) then there is one of type (0, 0, 0, 4, 4) and one of type
(0, 4, 4, 4, 4). So the issue of the generators of T (G) comes down to whether the variety
VG(
4(k)) can be written as the union of closed subvarieties which intersect only in {0}.
This variety is the maximal ideal spectrum of the ring
k[z, y, x,w]/(zy + x2 + xw + w2, z2y + zy2 + x2w + xw2),
which is the partial inﬂation onto the E5 page of the spectral sequence of the extension of
G by Z (see [22] or the survey [4]). Hence the variety is irreducible. Therefore we have the
following.
Proposition 6.8. Let G be the central product D8 ∗Q8 of a dihedral group of order 8 and
a quaternion group of order 8. There exist endotrivial modules N1, . . . , N5 of type 8vi for
all i=1, . . . , 5. Then T (G) is a free abelian group of rank 5 and is generated by the classes
of (k) and N1, . . . , N4. The image of the injective map Type : T (G) −→ Z5 is the set of
all tuples (a1, . . . , a5) such that ai − aj ∈ 8Z for all i and j.
We end the section with a general observation that will be useful later. It is really an
extension of the above proofs.
Proposition 6.9. Let G be one of the groupsEp3 , AEp4 ,D8, AE16 orD8 ∗Q8. If G isEp3
or AEp4 for p odd, then let a = 2p. If G is one of the groups D8, AE16 or D8 ∗Q8 then let
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where the intersection is over the maximal elementary abelian subgroups F of G.
Proof. Suppose for example that GEp3 an extraspecial group of order p3 and exponent
p. Then, the variety of a(k) is the variety of the partial inﬂation onto the E2p+1 page of
the spectral sequence of the group extension. But in this case, as in the cases of all of the
other groups under consideration, this page is also the E∞ page. The variety of the kernel
of the inﬂation is the zero set of the polynomial p1 2 −1p2 in the polynomial ring k[1, 2]
(see [4]). It consists of the p + 1 Fp-rational lines in k2 which correspond precisely to the
p + 1 maximal subgroups.





2 in k[1, 2, 3] and we get the same result. For the dihedral group D8, the variety is
determined by the polynomial 12 in k[1, 2], while for AE16 it is given by 12 + 23 and
212 + 122 in k[1, 2, 3]. Finally, inD8 ∗Q8 the variety is the zero set of the polynomials
12 + 23 + 34 + 24, 212 + 122 + 234 + 324 and 412 + 142 + 434 + 344. In every
case the result is as stated in the proposition. 
Remark 6.10. We should note that the modulea(k) is the same as that ofL=L/(z−1)L
where L = L for a suitably chosen  ∈ Ha(G, k) with resG,Z() = 0 as in Theorem 4.5.
Hence, the proposition given above could have been proved by a method similar to the one
used in the proof of Lemma 9.4 of [10]. The argument can be sketched as follows. Suppose
that M is any kG-module with the property that VG(M) ∩ resG,F (VF (k)) = {0}. Then as
a kG-module it can be seen that VG(M) = resG,Z(VZ(k)) is the line corresponding to Z.
The proof of this last fact uses Quillen’s Theorem 2.1 and an analysis of VF (M). But L
is free on restriction to Z and hence its variety VG(L) avoids the line resG,Z(VZ(k)). The
consequence is thatL⊗M must be a projective G-module. But the only way this can happen
is if L ⊗ M = L ⊗ M is a projective kG-module. So VG(L) ∩ VG(M) = {0}. As this must
happen for any such M, we get a proof of Proposition 6.9.
7. Endotrivial modules for p-groups
In this section, we prove the general theorem on the generators of the group of endotrivial
modules. The proof relies heavily on the results of the last section. That is, basically, the
problem of ﬁnding the generators of T (G) reduces to the problem of ﬁnding the generators
of T (E) for all extraspecial and almost extraspecial subgroups E of G. Indeed, the proof is
reasonably easy, given what has been demonstrated in the earlier sections.
For the record, we begin by listing the results that we know about T (G) for G a p-group.
Theorem 7.1. Let G be a p-group.
(1) If G is cyclic of order 2, then T (G) has order 1.
(2) If G is cyclic with |G|> 2, then T (G)Z/2Z.
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(3) If G is a quaternion 2-group, then T (G)Z/4Z ⊕ Z/2Z.
(4) If G is a semi-dihedral 2-group, then T (G)Z ⊕ Z/2Z.
(5) Suppose that G is not one of the above. If G has only one conjugacy class of maximal
elementary abelian subgroups or if all maximal elementary abelian subgroups have
rank at least three, then T (G)Z.
In (2) and (5), T (G) is generated by the class of (k). In cases (3) and (4), T (G) is
generated by (k) and a module constructed as in Section 5.
Proof. The ﬁrst four cases are treated in detail in [8]. The last case is a consequence of the
theorems in [1,10] as noted in Proposition 3.4. 
The next theorem describes the generators for T (G) for all other p-groups. We use the
notation of Proposition 3.5. Note that dihedral 2-groups are not included in the hypothesis
of Proposition 3.5. If G is a dihedral 2-group, then let E1 and E2 be representatives of
two conjugacy classes of maximal elementary abelian subgroups. Both E1 and E2 have
rank 2. If the order of G is 16 or more, then neither E1 nor E2 is normal (as contrasted
to the situation in 3.5). However, the special case will not affect the conclusion of the
theorem.
Theorem 7.2. Let G be a p-group which has at least one maximal elementary abelian
subgroup of rank 2 and which has more than one class of maximal elementary abelian
subgroups. Suppose that Z is the unique normal subgroup of order p in G. For each
i = 1, . . . , n − 1, there exists an endotrivial module Ni of type aivi where ai is deter-
mined by the following algorithm.
(1) If p is odd, then ai = 2p.
(2) If p = 2, then let Ai ⊆ G be a maximal elementary abelian subgroup of largest order
that contains Ei = Ei/Z. Then ai = |Ai |/2.
The abelian group T (G) is freely generated by (k) and N1, . . . , Nn−1.
Proof. Generators for T (G) are described in detail in [8] in the case that the group G is
a dihedral group. Generators can also be constructed using the methods of Proposition 6.5
or by the methods of Theorem 4.2. In the dihedral case, T (G) is generated by the class of
(k) and the class of an endotrivial module of type (2, 0). Notice here that for either i = 1
or i= 2, the order of Ai is 4, since G is either a fours group (if |G|= 8) or a dihedral group.
Hence the conclusion of the theorem holds in the dihedral case.
For the remainder of the proof we assume that G is not dihedral. So the conclusions of
Proposition 3.5 are valid. We claim the following.
Claim: For every i = 1, . . . , n − 1, there is a decomposition of the variety
VG(
ai (k)) = Vi ∪ V ′i ,
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such that Vi ∩ V ′i = {0} and
Vi = resG,Ei (VEi (k)) and resG,Ej (VEj (k)) ⊆ V ′i ,
for all j = i.
First we should notice that the claim proves the existence of the endotrivialmoduleNi that
is asserted in the theorem. That is, it follows from Corollary 4.3 that there is an endotrivial
module Ni such that (Ni)Ei
ai (kEi )⊕ (proj) and for j = i, (Ni)Ejk ⊕ (proj). This is
exactly what is claimed for Ni in the theorem.
Next we prove the claim. Let Ai be an elementary abelian subgroup of G such that
Ai has maximal order among all of the elementary abelian subgroups that contain Ei .
Let Ai ⊆ G be subgroup such that Z ⊆ Ai and Ai/Z = Ai . Because En is normal in G,
En=En/Z is in the center ofG. Hence,En ⊆ Ai . It follows thatAi must be an extraspecial
or almost extraspecial group which contains at least two classes of maximal elementary
abelian subgroups and at least one class of maximal elementary abelian subgroups of rank
2. Therefore, Ai is isomorphic to one of the groups Ep3 , AEp4 , D8, AE16, or D8 ∗Q8, one
of the groups considered in the last section.
We have that
VAi ((
ai (k))Ai ) = VAi (ai (kAi )),
since (ai (k))Ai
ai (kAi ) ⊕ (proj). In every one of the cases of the groups Ep3 , AEp4 ,






where F runs through the maximal elementary abelian subgroups ofAi , by Proposition 6.9.







where the union is over the maximal elementary abelian subgroups A of G. Hence, Vi =
resG,Ei (VEi (k)) is a component of VG(
ai (k)). This is because if Ei ∩ E = {1} for an
elementary abelian subgroup E, then Vi ∩ res∗
G,E
(VE(k)) = {0}. This proves the claim.
We have demonstrated the existence of the modules N1, . . . , Nn−1 as asserted in the
theorem. It remains only to show that there are no endotrivial modules that are not in the
subgroup generated by the classes of(k) andN1, . . . , Nn−1. For this purpose let M be any
endotrivial module, suppose that its type is (b1, . . . , bn). By replacing M by −bn(k)⊗M
we may assume that bn = 0. Now for each i, consider the restriction of M to Ai . Remember
thatAi contains bothEi andEn, andAi is isomorphic to one of the groupsEp3 ,AEp4 ,D8,
AE16, orD8∗Q8. Then by Propositions 6.3, 6.4, 6.5, 6.6 and 6.8, bi =uiai for some integer
ui . Now replacing M by M ⊗ (N∗i )⊗ui we may assume that bi = 0. Hence we can assume
that M has type (0, . . . , 0), and the restriction of M to any elementary abelian subgroup is
a trivial module plus a projective. By Theorem 3.3 we are done. 
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8. Examples and questions
There are a number of questions that are raised by the constructions of this paper. One
of them certainly is the question of how we compare the different constructions. As an
example consider the following. Let G be an extraspecial group of order p3 and expo-
nent p. Then an indecomposable endotrivial module M of type (2p, 0, . . . , 0) can be con-
structed as in 6.3. In Alperin’s construction [1], we begin by taking a cyclic noncentral
subgroup C = 〈x〉 in the ﬁrst elementary abelian subgroup E1. Then we take the second
relative syzygy of k relative to the subgroup C. This is the module N = 2G/C(k). We
know that this module has type (2 − 2p, 2, , 2, . . . , 2) (see [9]). Hence −2(N) is in-
decomposable and has type (−2p, 0, . . . , 0). It follows that MN∗. However, we only
know that these two modules are isomorphic because they are both indecomposable en-
dotrivial modules of the same type. A direct connection between the constructions is not
known.
Question 8.1. Is it possible to ﬁnd a direct connection between the construction of this
paper and the relative syzygies of Alperin?
In this paper we have only constructed generators for the group of endotrivial modules.
The question might be asked as to whether all endotrivial module can be constructed by
carving up copies of n(k) for some n, in one way or another. The answer is yes, but
the procedure is often not easy to envision. As an example, suppose that GEp3 is an
extraspecial group of order p3 and exponent p. Then in H2p(G, k) there is an element 
whose restriction to the center in not zero. Consequently, as in the proof of Proposition 6.3,




where ′ is a cocycle representing . Then any of the modules n(N1), . . . ,n(Np+1) can
be constructed as pushouts of the translated sequence
0−−−−−−→n(L)−−−−−−→2p+n(k) ⊕ (proj) 
n(′)−−−−−−→n(k)−−−−−−→0.
Similarly, products of such elements can be constructed in this way. It is also possible to
translate the construction in Theorem 4.2. The problem is to ﬁnd the correct ﬁltration to
replace the one given by the powers of (z − 1).
The ﬁnal item of the section is an example that shows that the method of Theorem 4.5 is
not sufﬁcient to produce a full set of generators for the group T (G) of endotrivial modules.
The example that we use is the group of order 64 with Hall-Senior number 257 and small-
group-library number 152. The group would be found under the small group number in
MAGMA or GAP. It’s complete cohomology ring can be found in the appendix of [11] and
on the author’s web site (http://www.math.uga.edu/∼lvalero/cohointro.html).
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Example 8.2. Let G be the group whose power commutator presentation is given as
G = 〈g1, g2, g3, g4, g5, g6| g21 = g4g6, g23 = g4g6, g24 = g6,
g−11 g2g1 = g2g4, g−12 g3g2 = g3g5,
g−12 g4g2 = g4g6, g−13 g5g3 = g5g6〉.
Notice that in this presentation only the nontrivial relations are given. For example, there are
no relations for g22 or for g
−1
1 g3g1. Thus it is to be assumed that g22 = 1 and g−11 g3g1 = g3.
Notice that G has two conjugacy classes of elementary abelian subgroups represented by
E1 = 〈g1g3g4, g6〉 and 〈g2g4, g5, g6〉. The ﬁrst of these has rank 2 and the second has rank
3. If we let E2 = 〈g5, g6〉, then E1 and E2 satisfy the conditions of Theorem 3.5.
Now let G = G/Z where Z = 〈g6〉 denotes the center of G. The elementary abelian
subgroup of maximal order that contains E1 = E1/Z is F = 〈g1g3, g4, g5〉. This is a
maximal elementary abelian subgroup in G because it is a maximal elementary abelian
subgroup in its centralizer which is 〈g1, F 〉. Hence Theorem 7.2 says that T (G) is a free
group of rank 2 with generators (k) and an endotrivial module of type (4, 0).
The group has cohomology ring H∗(G, k)k[z, y, x,w, v, u, t, s, r, q]/I, where the
degree of the variables are 1, 1, 1, 2, 4, 5, 5, 5, 8, 8 and the ideal I is generated by 19
elements. The generators forI can be found on page 740 of [11]. The actual details are not
as important to us as the inﬂation map from G the quotient by the center of the group. The
one thing that it is important to know about H∗(G, k) is that only the generator q in degree 8
has a nontrivial restriction to the center of G. Consequently, Corollary 4.6 only guarantees
an endotrivial module of type (8, 0) and is not sufﬁcient to construct one of type (4, 0).
To understand what is happening here, it is necessary to consider the cohomology ring
of the quotient group G and its inﬂation into the cohomology of G. The group G has
Hall-Senior number 36 and small-group-library number 28, and its cohomology is found
on page 380 of [11]. The cohomology ring of G is relatively simple and is given as
H∗(G, k)k[z, y, x,w, v]/J whereJ is the ideal generated by the elements
zy + y2, zx.
The kernel of the inﬂation of G/Z is generated by the three elements
y2 + w + v, yw + yv + xv, xv2,
which are in degrees 2, 3 and 5. The E2 term of the spectral sequence has the form Er,s2 =
Hr (G, k) ⊗ Hs(Z, k), where Hs(Z, k) = k[u] is a polynomial ring. The fact that there is
no element of H∗(G, k) that restricts to Z nontrivially before degree 8 implies that d2(u),
d3(u2), and d5(u4) are not zero. The data on the inﬂation map conﬁrms this precisely. That
is, we must have that
d2(u) = y2 + w + v, d3(u2) = yw + yv + xv, and d5(u4) = xv2.
Here is the observation of note. The partial inﬂation of H∗(G, k) onto the E4 page of the
spectral sequence has image k[z, y, x,w, v]/J4 where J4 is the ideal generated by the
elements zy + y2, zx, y2 + w + v, and yw + yv + xv. It is contained in the prime ideals
P1 =〈z, y,w, v〉 andP2 =〈x, y,w+v〉. The variety of k[z, y, x,w, v]/P1 has dimension
1 while that of k[z, y, x,w, v]/P2 is 2. These are the two components of VG(4(k)) and
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they explain why 4(k) decomposes as a direct sum of two submodules. It is all consistent
with Theorem 4.2.
The thing to remember is that d5(u4) = xv2. Now xv2 is obviously not in the idealJ4.
On the other hand,
(xv2)2 = xv3(xv) ≡ xv3(y(w + v)) ≡ xv3(y(y2)) ≡ xv3y(zy) ≡ 0 (modulo J4).
Hence the addition of the element xv2 to the kernel of the inﬂation from G to G affects the
module theory, but has only a minor impact on the geometry of the cohomology ring.
9. Appendix: Two messy technicalities
In this section we prove two facts that are needed in the proof of Theorem 4.5. They have
been separated from the rest of the proof, not only because they are somewhat disjoint from
the spirit of the rest of the proof, but also because they may have some independent interest.
They are rather technical in nature.
For the ﬁrst, let R = k[x, y] be a polynomial ring in two (commuting) variables over an
algebraically closed ﬁeld. Assume that x and y both have degree 1.
Lemma 9.1. Suppose that 1 and 2 are homogeneous elements in R of degrees r and s,
respectively. Assume also that 1 and 2 are relatively prime in the sense of having no
nonunit common factors. If 3 is any homogeneous element of R of degree r + s − 1 then
there exist (unique) homogeneous elements u and v in R such that 3 = u1 + v2.
Proof. Let Vn denote the k-space of homogeneous polynomials of degree n. The dimension
of Vn is the number of distinct monomials of degree n, which is Dim Vn =n+1. In Vr+s−1,
the subspaceW1 of all multiples of 1 is 1Vs−1 and has dimension s. Likewise the subspace
W2 of all multiples of 2 in Vr+s−1 has dimension r. Hence, DimW1 + DimW2 = r + s =
Dim Vr+s−1. Consequently, we are ﬁnished if we can show that W1 ∩W2 = {0}. However,
this part is clear, since R is a unique factorization domain and 1 and 2 are relatively
prime. 
Proposition 9.2. Let E be an elementary abelian p-group of rank 2, and let k be an alge-
braically closed ﬁeld of characteristic p. Suppose that we have an element ϑ ∈ Hn(G, k)
for some n, which we assume to be even in the case that p> 2.Assume that VG(ϑ)=V1∪V2
where V1, V2 are closed subvarieties such that V1 ∩V2 ={0}. Then ϑ=ϑ1ϑ2 where ϑ1 and
ϑ2 are homogeneous element such that VG(ϑ1) = V1 and VG(ϑ2) = V2.
Proof. If p = 2, then H∗(E, k)k[1, 2] is a polynomial ring. In this case the proof is
obvious. That is, ϑ factors as a product of linear polynomials each having the form a1+b2
and each deﬁning a line in VG(ϑ) ⊆ VG(k) = k2. Hence, ϑ1 is the product of all of the
factors whose corresponding line is in V1 and ϑ2 is the product of the rest of the factors.
Suppose thatp> 2. ThenH∗(E, k)=k[1, 2]⊗(1, 2)where is an exterior algebra,
deg(i ) = 2 and deg(i ) = 1 for i = 1, 2. In this case it must be that ϑ = ϑ1ϑ2 + 12ϑ3
where ϑ1.ϑ2,ϑ3 ∈ k[1, 2] and VG(ϑ1) = V1, VG(ϑ2) = V2 as in the characteristic 2
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case. Now by the Lemma 9.1, there exist homogeneous elements 	, 
 ∈ k[1, 2] such that
ϑ3 = 	ϑ1 + 
ϑ2. Hence,
ϑ= ϑ1ϑ2 + 12ϑ3 = (ϑ1 + 12
)(ϑ2 + 12	)
as desired. 
The other result that we need in this appendix concerns the uniqueness of splittings and
pushouts for certain modules. First a lemma. Assume for the rest of the section that G is
a ﬁnite group and k is a ﬁeld of characteristic p. A homomorphism  : M −→ N is left
split if there is a homomorphism  : N −→ M such that  is the identity on M. Such a
homomorphism must be injective.
Lemma 9.3. Suppose thatL=L1⊕L2 is a kGmodule such thatVG(L1)∩VG(L2)={0}.Let
,  : L1 −→ L be left split homomorphisms. Then there is an automorphism : L1 −→ L1
such that − factors through a projective module. Moreover,L/(L1)L2L/(L1).
Proof. Write L1 as L′1 ⊕ P where P is a projective module and L′1 has no projective
submodules. The ﬁrst observation is that we can assume that P = {0}. This is because any
two maps from P into L differ by a map that factors through a projective module, and since P
is also injective, the Krull–Schmidt Theorem implies thatL/P is deﬁned up to isomorphism
regardless of the embedding. So assume that L1 = L′1 has no projective submodules. We
can also assume that  is the natural injection of L1 into the direct sum L = L1 ⊕ L2.
For notation, we write elements of L in the form (u, v) for u ∈ L1, v ∈ L2. Then for
any m ∈ L1, (m) = (	(m), 
(m)) where 	 : L1 −→ L1 and 
 : L1 −→ L2 are ho-
momorphisms. Our ﬁrst claim is that 
 factors through a projective module. The reason is
that HomkG(L1, L2)HomkG(k, L∗1 ⊗ L2). But L∗1 ⊗ L2 is a projective module because
the varieties of L1 and L2 intersect trivially. Consequently, any homomorphism from L1
to L2 factors through a projective module. The map 	 must be an isomorphism by the
Krull–Schmidt Theorem. That is, no indecomposable direct summand of L1 is isomorphic
to any indecomposable direct summand of L2. Thus the usual proof of the Krull–Schmidt
Theorem implies that the composition of  with the projection of L onto L1 is an isomor-
phism.Anotherway of seeing this is to notice that if is the splitting of then IdL1=	+
,
but 
 factors through a projective module. Hence 	 must be an isomorphism.
From all of this it follows that 	−1 −  factors through a projective module. The last
statement of the lemma is a direct consequence of the Krull–Schmidt Theorem. 
Theorem 9.4. Let G be a ﬁnite group and let k be an algebraically closed ﬁeld of charac-
teristic p. Suppose that we are given an exact sequence
0 −→ L1 ⊕ L2 −→M −→N −→ 0
of kG-modules and maps such that VG(L1)∩ VG(L2)= {0}. Let ,  : L1 −→ L1 ⊕L2 be
two embeddings. Then in the two induced sequences,
0 −→ L2 −→ M/(L1) 1−→N −→ 0,
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0 −→ L2 −→ M/(L1) 2−→N −→ 0,
we have that M/(L1)M/(L1) and the two maps 1 and 2 can be assumed to differ by
a map that factors through a projective.
Proof. By the last lemma, there exists an automorphism : L1 −→ L1 such that−=	

where 
 : L1 −→ P and 	 : P −→ L1 ⊕ L2 for some projective module P. Then because
P is injective, there exist maps  and  such that the diagram
commutes. Hence we get a commutative diagram
L1




−−−−−−→ L1 ⊕ L2 −−−−−−→ M.
Now we factor out the images of L1 to get a commutative diagram of induced sequences
0−−−−−−→ L2 1−−−−−−→ M/(L1) 1−−−−−−→ N −−−−−−→0⏐⏐⏐⏐1
⏐⏐⏐⏐2
∥∥∥∥
0−−−−−−→ L2 2−−−−−−→ M/(L1) 2−−−−−−→ N −−−−−−→0,
where 1 and 2 are induced by 1 + 	 and 1 + 	, respectively. But notice now that
(1 + 	) = . Hence we can assume that 1 = 2. 
A lot of the proof of the above theorem is simply a part of the veriﬁcation that the stable
module category stmod(kG), of ﬁnitely generated kG-modules modulo projectives, is a
triangulated category.
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